For an open and dense subset in the Teichmüller space, we introduce a coordinate system which is well-behaved under the action of the mapping class group. Surprisingly, the coordinates involve the K-theory of certain operator algebras. Our approach is an interplay of the noncommutative geometry with the Teichmüller theory, which opens new vistas of the both.
Introduction
Let S ∈ T g be a Riemann surface taken as a point in the Teichmüller space T g , where g ≥ 2 is the genus of S. The following Douady-Hubbard-Masur parametrization of T g is well-known [2] , [4] , [5] .
If ω is a holomorphic quadratic form on S with simple zeroes, let F 1 be a horizontal and F 2 vertical measured foliation of ω. Denote by S ′ a variation of S ∈ T g viewed as a point in the Teichmüller space T g . There exists a unique holomorphic quadratic form ω ′ on S ′ whose horizontal foliation F ′ 1 coincides with F 1 and vertical foliation F ′ 2 varies [4] . Thus, the foliation F = F ′ 2 parametrizes points of T g . Our approach consists in studying of a canonical C * -algebra C * (X F ) of the leaf space X F of the folation F . We expect that the powerful methods of algebraic K-theory [1] , [3] being applied to C * (X F ), will cast a new light on the moduli problem of Riemann surfaces. It is indeed much so, as the reader will hopefully see.
The C * (X F ) is a fundamental object in operator algebra theory. Klein and Kronecker studied a special case of C * (X F ), the irrational rotation algebra A θ , and discovered remarkable connections of A θ to continued fractions and geometry on tori. The structure of projections in A θ was investigated by von Neumann and Weyl. Finally, Connes developed an overarching program, known as noncommutative geometry, where A θ and C * (X F ) are key examples of the noncommutative spaces.
The K-theory of operator algebras was laid by Grothendieck, Atiyah and Hirzebruch. The K-theory of A θ was developed by Rieffel using the PimsnerVoiculescu 6-term exact sequence. The K-theory of C * (X F ) was calculated by Putnam [6] , [7] . He identified C * (X F ) = C(S 1 ) ⋊ ϕ Z, where C(S 1 ) is the commutative C * -algebra of complex-valued functions on the unit circle S 1 ∼ = [0, 1) and ϕ is the holonomy of F . In our case, ϕ = ϕ(λ 1 , . . . , λ 6g−6 ; π) is an interval exchange transformation of intervals of length λ i with a permutation π, see Appendix. It follows from Putnam's work that the range of trace on the (equivalence classes of) projections in C * (X F ) is an abelian subgroup
is given by equations:
The reals λ i are determined by (and determine) foliation F . Indeed, let ω ′ be a 1-form on the surface S which is a double cover of S with the ramification in Sing ω ′ . The 1-form ω ′ covers the quadratic form ω ′ considered in the first paragraph. The homology H 1 ( S g , Sing ω ′ ; Z) has a basis (γ 1 , . . . , γ 6g−6 ), and the real parts of the integrals λ i = Re γ i ω ′ are coordinates in T g [5] . Let F = F ′ be a pair of foliations which parametrize isomorphic (conformally equivalent) Riemann surfaces S ∼ = S ′ . What would be a relation between C * (X F ) and C * (X F ′ ) in this case? It is easy to see that
However, a remarkable fact holds:
where K is the C * -algebra of compact operators. In other words, C * (X F ) and C * (X F ′ ) are stably isomorphic 1 . It implies that the dimension groups
Recall that the order-isomorphy corresponds to transition to a new basis in the abelian group Zλ 1 + . . . + Zλ 6g−6 .
By a rank of the dimension group G = G λ one understands the rank of G as an abelian subgroup of R [3] . A state on G is a positive homomorphism s : G → R such that s(u) = 1, where u is the order-unit of G. The set S(G) of all states on G is a convex compact set in the topology of pointwise convergence. G is totally ordered iff S(G) consists of a point. An affine function on S(G) is a map f :
for all s 1 , s 2 ∈ S(G) and 0 ≤ α ≤ 1. The set Af f S(G) of the affine functions on S(G) is isomorphic to R n , where n = 1+dim S(G). Finally, an element a ∈ G is called infinitesimal whenever a = 0 and a ∈ ker θ for a homomorphism θ : G → R [3] .
The main result of this paper is a parametrization of points of a generic subset of T g by a family of dimension groups of rank 6g − 6. A novelty is, as we have already noted, that the action of mapping class group M on T g is equivariant with the order-isomorphisms of dimension groups. (The latter is a simple and well-understood relation, which allows to construct a faithful representation of M.) Namely, the following results are proved. 
In other words, M is a linear arithmetic (group.
The article is organized as follows. In Section 1 we introduce helpful lemmas and prove main theorem. The applications are discussed in Section 2. We reserve Appendix for definition of interval exchange transformations and C * -algebras.
Preliminaries

Interval exchange tansformations
Let n ≥ 2 be a positive integer and λ = (λ 1 , . . . , λ n ) a vector with positive components λ i such that λ 1 + . . . + λ n = 1. One sets
Let π be a permutation on the index set N = {1, . . . , n} and ε = {ε 1 , . . . , ε n ) a vector with coordinates
where β π is a vector corresponding to
. If ε i = 1 for all i ∈ N then the interval exchange transformation is called oriented. We shall always assume this case. An interval exchange transformation is called irrational if λ i are linearly independent over Q except the relation λ 1 + . . . + λ n = 1. A measure µ is invariant, if µ(ϕ(A)) = µ(A) for any measurable subset A ⊆ [0, 1]. Keane and Veech showed that the number of independent invariant measures cannot exceed n + 2 for the interval exchange transformation with flips and [
] for the oriented interval exchange transformations.
K-theory of C*-algebras
By the C * -algebra one understands a noncommutative Banach algebra with an involution. Namely, a C * -algebra A is an algebra over C with a norm a → ||a|| and an involution a → a * , a ∈ A, such that A is complete with respect to the norm, and such that ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a|| 2 for every a, b ∈ A. If A is commutative, then the Gelfand theorem says that A is isometrically * -isomorphic to the C * -algebra C 0 (X) of continuous complexvalued functions on a locally compact Hausdorff space X. For otherwise, A represents a "noncommutative" topological space X.
Let A be a unital C * -algebra and V (A) be the union (over n) of projections in the n×n matrix C * -algebra with entries in A. Projections p, q ∈ V (A) are equivalent if there exists a partial isometry u such that p = u * u and q = uu 
Dimension groups
We use notation Z, Z + , Q and R for integers, positive integers, rationals and reals, respectively and GL(n, Z) for the group of n × n matrices with entries in Z and determinant ±1.
By an ordered group we shall mean an abelian group G together with a subset P = G + such that P + P ⊆ P, P ∩ (−P ) = {0}, and P − P = G. We call P the positive cone on G. We write
G is said to be a Riesz group if:
(ii) u, v ≤ x, y in G implies existence of w ∈ G such that u, v ≤ w ≤ x, y.
An ideal J in a Riesz group G is a subgroup such that
We say that G is simple if only ideals are G and {0}. Given ordered groups G and H, we say that a homomorphism ϕ :
+ is an order unit of G. We let S(G) be the state space of G, i.e. the set of states on G endowed with natural topology [3] .
S(G) is a compact convex subset of vector space Hom (G, R). By the Krein-Milman theorem, S(G) is the closed convex hull of its extreme points, which are called pure states.
If S(G) is a state space, we let Af f S(G) be a dual space of affine fumctions on S(G), i.e. the continuous functions f : In other words, G is the limit
of matrices ϕ k ∈ GL(r, Z + ). In particular, dimension group is stationary if
Riesz groups are dimension groups and vice versa. Riesz groups can be viewed as an "abstract" dimension groups, while dimension groups as a "quantum representation" of Riesz groups by infinite sequences of positive homomorphisms. [2] , §2 and Masur [5] , p.178, we consider a coordinate system (λ 1 , . . . , λ 6g−6 ) on a "generic" (open and dense) subset of T (g) consisting of rationally independent (and uniquely ergodic) positive reals λ i . Such λ i generate a dimension group on the lattice K 0 (C * (X F )) coming from the dense subgroup Zλ 1 + . . . + Zλ 6g−6 of the real line. The action of mapping class group Γ(g) on T (g) extends to such on the dimension groups. We show that this action corresponds to order-isomorphisms at the level of dimension groups and stable isomorphism at the level of C * -algebras C * (X F ). The theorem follows. We pass now to a step-by-step construction.
Proofs
To calculate the lengths λ i of the intervals, we would need the following model of T (g) due to Douady, Hubbard and Masur. Let S ∈ T (g) be Riemann surface of genus g and ω a holomorphic quadratic form on S. We assume that ω is "generic", in particular, that it has only simple zeroes and therefore m = |Sing ω| = 4g − 4.
We wish to "cover" horizontal (vertical) trajectories of ω by horizontal (vertical) trajectories of 1-form ω on surface S. For that we take a double cover S ramified over the set Sing ω. Note that Hurwitz's formula g = 2g + m 2 − 1 implies g = 4g − 3. Denote the covering involution on S by τ . The 1-form ω is skew symmetric, i.e. τ * ( ω) = − ω. It is clear that Sing ω consists of saddle points with six saddle sections and |Sing ω| = 4g − 4. The rank of first homology group of S relatively Sing ω is given by formula: rk H 1 ( S, Sing ω; Z) = 2 g + |Sing ω| − 1 = 12g − 11. It will be proved later on that only half, i.e. 6g − 6, of cycles are independent.
Let γ 1 , . . . , γ 6g−6 be a basis in H 1 ( S, Sing ω; Z) consisting of such cycles and let λ i = Re γ i ω. (λ 1 , . . . , λ 6g−6 ) are coordinates in T (g).
Lemma 1 Real numbers
Proof. This fact has been explicitly stated by Masur [5] , Lemma 4.2 and follows from an earlier construction of Douady & Hubbard [2] combined with the main theorem of Hubbard & Masur [4] . Let us give an idea of the construction of such parametrization. By spitting S (and S) into "pants" (3-holed spheres), one first recovers ω on S from (λ 1 , . . . , λ 6g−6 ) and then the holomorphic quadratic form ω on S. Then, the rest of the proof is a consequence of the Hubbard-Masur theorem [4] as it was exposed in the introduction.
The homomorphism:
given by formula ( Proof. Similar result was established in [2] , see Proposition 2, with the excellent geometric illustrations attached. The author was not aware of [2] while writing this article and therefore reproduces his own proof. Let ω be holomorphic 1-form on covering surface S. As we noted earlier, Sing ω consists of 4g − 4 saddle points of index −2 (i.e. 6-saddles). It is not hard to see that every interval in the I.E.T. induced by the trajectories of 1-form ω, comes from a pair of distinct saddle sections of the set of saddle points. Indeed, the outgoing separatrices of the saddle give rise to the ends of intervals of the I.E.T., so that it takes two outgoing separatrices to define an interval.
Easy calculation gives us a total of 24g − 24 saddle sections present on S. Therefore, the I.E.T. must have 12g − 12 intervals in the exchange. Since ω is involutive, so must be the intervals in the I.E.T. Thus, only 6g −6 intervals are independent.
Finally, let us calculate lengths of the intervals. Since ω is holomorphic, it preserves the measure Re l ω of any transverse segment l to the flow ω. For simplicity, suppose that l has ends at the set Sing ω.
It is an easy exercise to verify that generators γ 1 , . . . , γ 6g−6 of the abelian group H 1 ( S, Sing ω; Z) can be identified with l i 's. (In fact, in this form they were originally introduced in [5] .) Lemma 2 follows.
We shall use Douady-Hubbard-Masur's model of T (g) to establish the following lemma.
Lemma 3 Let S, S
′ ∈ T (g) be a pair of conformally equivalent Riemann surfaces parametrized by the dimension groups G S and G S ′ . Then the dimension groups G S , G S ′ are order-isomorphic.
Proof. It is known that every element of the mapping class group Γ(g) has a conformal representative. Let f ∈ Γ(g) be such that f (S) = S ′ . It follows from Douady-Hubbard-Masur's model, that the lengths of intervals in the I.E.T. are given by formula:
In order to calculate the lengths of intervals λ j , let us notice that f acts on the first homology of S:
by integral invertible matrices GL 6g−6 (Z) and we denote by f * (γ 1 ), . . . , f * (γ 6g−6 ) the result of such an action on γ 1 , . . . , γ 6g−6 . Thus,
Using elementary properties of integrals, we get
Since G S is defined as a pull-back of the dense subgroup
we obtain from formula (12) the following inclusion:
In fact, since the matrix (a ij ) is invertible, the above inclusion is an isomorphism of two dense subgroups of the real line (it can be seen by fixing a basis of the subgroups):
Therefore, G S and G S ′ are order-isomorphic as dimension groups, see [3] Corollary 4.7. Lemma 3 follows.
Let S ∈ T (g) be "generic" Riemann surface with associated dimension group G. Then any conformally equivalent surface S ′ ∈ T (g) has dimension group G ′ , which is order-isomorphic to G, see Lemma 3. On the other hand,
To prove (b), recall that a state on G is a positive homomorphism f * : G → R such that f * (u) = 1 for the order-unit u ∈ G. Since the interval exchange transformation is "generic" it has a unique invariant ergodic measure. Thus G has a unique state.
Consider affine functions Af f S(G) on the state space S(G) = {f * }. The set Af f S(G) is one-dimensional. The elements of Af f S(G) ∼ = R + are in one-to-one correspondence with the family if intervals kλ 1 , . . . , kλ 6g−6 , k ∈ R + . Such a family is generated by the action of Teichmüller flow (e k , e −k ) on curve C.
To see why the mapping class group acts discontinuously on a fiber p −1 b ∼ = R + , let f ∈ Γ(g) be a pseudo-Anosov representative of the mapping class group. It is known that f fixes a fiber p −1 (b f ) over a stationary dimension group b f = G stat . (In more geometric terms, G stat is a leaf space of an f -invariant stable/unstable foliation of f .)
The action of f on p −1 (b f ) ∼ = R + is given by the formula:
where λ f > 1 is a dilatation of f . Thus the action on pseudo-Anosov fibers is discrete. Since the pseudo-Anosov fibers are dense in U ′ , the same is true everywhere in U ′ by a continuity argument. Theorem 1 follows.
Proof of Corollary 1
The existence of ρ : M → GL(6g − 6, Z) follows from Lemma 3. Indeed, any order-isomorphism between G S and G S ′ amounts to a change of basis in the abelian group Zλ 1 + . . . + Zλ 6g−6 . Transition to a new basis in a free abelian group of rank 6g − 6 is given by a martix M ∈ GL(6g − 6, Z). Let us prove that ρ is a faithful representation. Fix S ∈ T g such that:
(i) S has a trivial automorphism group;
(ii) S does not belong to a pseudo-Anosov fiber of U.
Since Riemann surfaces with properties (i) and (ii) are generic, S ∈ U.
Consider the moduli space T g /M of Riemann surfaces of genus g. By property (i), the stabilizer of point S ∈ T g in M is trivial, and therefore S is not a corner of the orbifold T g /M. By property (ii), G S = G S ′ whenever S, S ′ are in the same isomorphism class. Thus, the homomorphism of M to the group of order-isomorphisms of G S has a trivial kernel. Corollary 1 follows.
Final remarks
Recall that each fiber of S lies over G λ , which is a dimension group of rank 6g −6. We wish to assign to G λ a real quantity, which changes according to a simple law under the action of group M. Such a number should be sufficient to "recover" group G λ .
To give an idea, let ω be holomorphic 2-form on Riemann surface S. Consider foliation F = Re ω whose mapping of the first return generates the "coordinate" I.E.T. for S. Denote by θ ∈ R an "average slope" of leaves of F relatively generators of the fundamental group of S. (Such a number is most visible at the universal cover, where it measures the asymptotic direction of non-closed leaves of F approaching the "absolute".) It can be shown that θ defines foliation F , and eventually G λ itself.
If Af f S(G λ ) is a fiber over G λ , we call θ a projective curvature of the fiber. Indeed, points of Af f S(G λ ) are bijective with points of T 0 (Riemann surfaces) which lie at the same orbit of the Teichmüller flow. Using wellknown duality between Riemann surfaces and isometric embeddings of 2-manifolds in R 3 , one can talk of a "projective family" of embeddings, and think of θ as "projective curvature" of the family.
Technically, projective curvature is given by a regular continued fraction θ = a 0 + 1 a 1 + 1 a 2 + . . . 
Projective curvature θ ∈ R "parametrizes" base G 0 ∼ = S 6g−7 continuously (but not C 1 -smooth!), however the nature of such a mapping is still to be clarified.
The Riemann surfaces can be interpreted as complex algebraic curves. On the other hand, dimension groups are known as "measure" of projections in a C * -algebra [3] . It seems interesting to compare properties of dimension groups (C * -algebras) with those of complex algebraic curves. We have mimicked the above relations by rows of Table 1 Some relations in the above table are to be clarified. In particular, it would be interesting to better understand the arithmetic of numbers θ.
